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ON DEPTH IN THE LOCAL LANGLANDS CORRESPONDENCE
FOR TORI
ANNE-MARIE AUBERT AND ROGER PLYMEN
Abstract. Let K be a non-archimedean local field. In the local Langlands cor-
respondence for tori over K, we prove an asymptotic result for the depths.
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1. Introduction
Let K be a non-archimedean local field. The LLC (Local Langlands Correspon-
dence) for tori induces an isomorphism
λT : Hom(T (K),C
×) ≃ H1(WK , T∨)
where WK is the Weil group of K , T is a torus defined over K and T
∨ = X∗(T )⊗Z
C× is the complex dual torus of T , see [La] and [Yu].
The Moy-Prasad theory associates to each character χ of T (K) an invariant
dep(χ) called the depth of χ. Also for each λ ∈ H1(WK , T∨), one defines the
notion of depth dep(λ). For background material on depth, see [ABPS].
Concerning depth-preservation by the LLC, we have the theorem of Yu [Yu, §7.10]:
In the LLC for tori, if T splits over a tamely ramified extension, then we have
dep(χ) = dep(λT (χ)).
Our main result is as follows.
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Theorem 1.1. Let T = RL/KGm be an induced torus, where L/K is a finite and
Galois extension of non-archimedean local fields. In the LLC for T , depth is pre-
served (for positive depth characters) if and only if L/K is tamely ramified.
If L/K is wildly ramified then, for each character χ of T (K) such that dep(χ) > 0,
we have
dep(λT (χ)) > dep(χ),
and
dep(λT (χ))/dep(χ)→ 1 as dep(χ)→∞.
We illustrate this result in §5 with several examples of wildly ramified extensions.
2. The notion of depth
We recall from [MoPr] that T (K) carries a Moy-Prasad filtration {T (K)r : r ≥ 0}.
When T = RL/K(Gm), we have
T (K)r = {t ∈ T (K) : valL(t− 1) ≥ er},
where valL is the valuation on L normalized so that valL(L
×) = Z and e = e(L/K)
is the ramification index of L/K.
The depth of a character χ : T (K)→ C× is
dep(χ) := inf{r ≥ 0 : T (K)s ⊂ ker(χ) for s > r}.
The Weil group WK carries an upper number filtration {WrK : r ≥ 0} and the
depth of a parameter λ ∈ H1(WK , T∨) is defined to be
dep(λ) := inf{r ≥ 0 : WsK ⊂ ker(λ) for s > r}.
3. Asymptotics
We review the ramification of the Galois group G(L/K) in the lower numbering,
see [Ser, IV. §1]. We have a decreasing sequence of normal subgroups of G:
G = G−1 ⊇ G0 ⊇ G1 ⊇ G2 ⊇ G3 ⊇ · · · ⊇ Gi = Gi+1 = · · · = {1}(1)
where Gi is the group of elements in G acting trivially on the quotient of the ring
of integers of L by the (i+ 1)th power of its maximal ideal.
Now G0 is the inertia group and its fixed field L
G0 is the maximal unramified
extension K0 of K in L. By the fundamental theorem of Galois theory, we have
[L : K0] = [L : L
G0 ] = |G0| and so the ramification degree e(L/K) is the order of
G0:
e(L/K) = |G0|.(2)
So, L/K is unramified if and only if G0 = 1. In that case, the largest ramification
break in the sequence (1) occurs at −1.
Let us write the ramification index as e = pnm with (m, p) = 1 and p = char(K),
then |G1| = pn. Now L/K is tamely ramified if and only if G1 = 1. In that case,
the largest ramification break in the sequence (1) occurs at 0. Moreover, if K1 is
the maximal tamely ramified extension of K inside L, then K1 is the fixed field of
G1, and is hence an extension of K0, and has Galois group G/G1.
We thus have a tower of fields L ⊃ K1 ⊃ K0 ⊃ K where K0/K is unramified of
degree |G/G0|, the extension K1/K0 is totally tamely ramified of degree |G0/G1|
and L/K1 is totally wildly ramified of degree |G1|.
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The group G0/G1 is cyclic, and its order is prime to the characteristic of the
residue field L; if the characteristic of L is p 6= 0, the quotients Gi/Gi+1, i ≥ 1, are
abelian groups, and are direct products of cyclic groups of order p; the group G1 is
a p-group. See [Ser, IV. §2].
If t is a real number ≥ −1, Gt denotes the ramification group Gi, where i is the
smallest integer ≥ t. Then the Hasse-Herbrand function [Ser, IV. §3] is
ϕL/K(u) :=
∫ u
0
1
(G0 : Gt)
dt.
Theorem 3.1. Let L/K be a finite and Galois extension of non-archimedean local
fields. Let e = e(L/K) denote the ramification index of L/K, let r > 0. Then we
have
ϕL/K(er) = r
if and only if L/K is tamely ramified. If L/K is wildly ramified then
ϕL/K(er) > r
and
ϕL/K(er)
r
→ 1 as r →∞.
Proof. Let r > 0 and let b denote the largest ramification break in the Galois group
of L/K, and let 0 < x ≤ b. We have
ϕL/K(x)−
x
e
=
∫ x
0
1
(G0 : Gt)
dt−
∫ x
0
1
(G0 : {1})dt
=
∫ x
0
(
1
(G0 : Gt)
− 1
(G0 : {1})dt
)
> 0
so that
er ≤ b =⇒ ϕL/K(er)
r
> 1.
Let b denote the largest ramification break in the Galois group of L/K, and let
x ≥ b. We have
ϕL/K(x) =
∫ b
0
1
(G0 : Gt)
dt+
∫ x
b
1
(G0 : Gt)
dt
= ϕL/K(b) +
∫ x
b
1
(G0 : Gt)
dt
= ϕL/K(b) +
∫ x
b
1
(G0 : {1})
= ϕL/K(b) +
∫ x
b
1
|G0|dt
= ϕL/K(b) +
x− b
|G0|
= ϕL/K(b) +
x− b
e(L/K)
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by (2). We then have, with er ≥ b:
ϕL/K(er) = ϕ(b) +
er − b
e
= r + ϕL/K(b)−
b
e
and so we have
ϕL/K(er)
r
= 1 +
ϕ(b)
r
− b
er
.
Introduce the following invariant of the field extension L/K:
a(L/K) := ϕL/K(b)−
b
e
.
Then we have
ϕL/K(er)
r
= 1 +
a(L/K)
r
and so that we have
ϕL/K(er)
r
→ 1 as r →∞.
Let the ramification breaks in the lower numbering occur at b1, b2, . . . , bk = b. We
have
b
e
=
∫ b
0
1
(G0 : {1})dt
=
∫ b1
0
1
(G0 : {1})dt+ · · · +
∫ b
bk−1
1
(G0 : {1})dt
≤
∫ b1
0
1
(G0 : Gb1)
dt+ · · · +
∫ b
bk−1
1
(G0 : Gb)
dt
= ϕL/K(b)
so that
a(L/K) = ϕL/K(b)−
b
e
≥ 0
with equality if and only if b = 0, i.e. if and only if L/K is tamely ramified.
Now L/K is tamely ramified if and only if G1 = 1. In that case, we have
ϕL/K(x) =
∫ x
0
1
(G0 : Gt)
=
∫ x
0
1
(G0 : {1})
=
∫ x
0
1
|G0|
=
x
e
by (2) and so we have
ϕL/K(er) = r
for all r ≥ 0. 
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4. Proof of Theorem 1.1
We have the elegant recent formula of Mishra and Patanayak [MiPa]:
(3) ϕL/K(e · dep(χ)) = dep(λT (χ))
where χ is any character of T (K). Now choose a character χ of positive depth and
set r = dep(χ) in Theorem 3.1.
5. Examples of wildly ramified extensions L/K
5.1. Characteristic p. Let K be a local field of characteristic p. Let o be the ring
of integers in K and p ⊂ o the maximal ideal. Let ℘(x) = xp − x.
Let K = K/℘(K). Let D 6= o be an Fp-line in K, m the integer such that
D ⊂ p−m but D 6⊂ p−m+1; we know that m is > 0 and prime to p. Fix an element
a ∈ p−m whose image generates D, let α be a root of Xp −X − a (in an algebraic
closure of K), and let L = K(α) = K(℘−1(D)). This example is due to Dalawat,
see [Da, §6]; but see also [Ser, IV, §2, Exercise 5] and references therein.
The extension L/K is totally (and wildly) ramified. The unique ramification
break of the degree p cyclic extension L/K occurs at m,
G = G0 = G1 = · · · = Gm, Gm+1 = · · · = {1}
see [Da, Proposition 14]. Set T = L×, then T is a wildly ramified torus.
Here, we have e = p, b = m,ϕL/K(b) = m, aL/K = m(1− p−1).
5.2. Characteristic 0. Let now F be a non-archimedean local field of characteristic
0 with residue field Fq with q = p
n, n ≥ 1. Let β be a root of the polynomial
Xq − X − α with α ∈ K, valK(α) > −qe(F )/(q − 1). Let L = F (β), T = L×. If
p 6 | valK(α), valK(α) < 0 then L/K is a totally ramified Galois extension of degree
q, and if G = Gal(L/K) then the unique ramification break of L/K occurs at m:
G = G0 = G1 = · · · = Gm, Gm+1 = · · · = {1}
where m = −valK(α). This example is due to Abrashkin, see [FV, p. 79].
Here, we have e = q, b = m,ϕ(b) = m, aL/K = m(1− q−1).
5.3. Characteristic 2. Let K be a local field of characteristic 2, and let L/K be
a totally ramified quadratic extension: there are countably many of these, with
ramification breaks given by m = 1, 3, 5, 7, . . ., see [AMPS].
Here, we have e = 2, b = m,ϕ(b) = m, aL/K = m(1− 2−1) = m/2.
5.4. Example with 2 breaks. Let K = Q2(
√
5) and let L/K be the totally rami-
fied extension of local fields constructed in [Ser2, §4]. The Galois group Gal(L/K)
is the group {±1,±i,±j,±k} of unit quaternions, and
G−1 = G = G0 = G1 ⊃ G2 = G3 ⊃ {1}
with G2 = {±1}.
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Here, we have
|G1| = 24
G1/G2 = (Z/2Z)
3
e = 24
b = 3
ϕ(b) = 5/4
aL/K = 17/16
5.5. Example in [MiPa]. Here, we have L = Qp(ζpn) with n ≥ 2, K = Qp(ζp).
Then L/K is a wildly ramified extension with e(L/K) = pn−1. From the calculations
in [MiPa], we have
e = pn−1
b = pn−1 − 1
ϕL/K(b) = (n− 1)(p − 1)
aL/K = (n− 1)(p − 1) + 1− p1−n
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